Let M be a finite von Neumann algebra with a faithful trace τ . In this paper we study metric geometry of homogeneous spaces O of the unitary group U M of M, endowed with a Finsler quotient metric induced by the p-norms of τ , is a complete path metric space. The other problem treated in this article is the existence of metric geodesics, or curves of minimal length, in O. We give two abstract partial results in this direction. The first concerns the initial values problem and the second the fixed endpoints problem. We show how these results apply to several examples. In the process, we improve some results about the metric geometry of U M with the p-norm.
Introduction
In this paper we study metric properties of smooth homogeneous spaces O of the unitary group U M of a finite von Neumann algebra M. If τ is a finite faithful trace on M, the p-norms on M (p ≥ 1) induced by the trace, can be used to turn U M into a complete metric space. This is achieved by giving T U M the Finsler metric that is given by the p-norm at any point of U M , recalling that its Lie algebra can be identified with M sh , the skew-adjoint elements of M. The p-norms in M can be used to turn O into a metric space, in two different ways. Let x ∈ O and G x ⊂ U M stand for the isotropy group of x. Assume that the action is transitive, so each element y ∈ O can be written as u · x for some fixed x ∈ O, and some u ∈ U M . Then 1. since U M is a (complete) metric space with the rectifiable metric d p induced by the p-norm, one can consider the quotient distance in O given by the distance among classes, namelyḋ
This distance induces the quotient topology in O ≃ (U M , d p )/G x .
2. since it is assumed that the action is smooth, the group G x has a Lie algebra G x , and one can consider the quotient p-metric for X ∈ T x O given by
where z ∈ M sh is any lift of X. This metric, in turn, induces the rectifiable quotient metric as the infimum of the lengths of arcs in O, namely
In both cases it is necessary to assume that G x ⊂ U M is closed in the p-norm (or else one ends with a pseudo-distance where d(x, y) = 0 might not imply x = y in O). Note that when G x is the unitary group of a von Neumann subalgebra of M, then G x is p-norm closed in U M . The first metric is well-known (as it is the quotient metric on a quotient of a topological metricable group), and moreover it is known that (O,ḋ p ) is a complete metric space [14, p.109] .
We show here that for p ≥ 2, these two metrics coincide with no additional hypothesis (Theorem 4.11). As a corollary, the space (O,ḋ p ) is what M. Gromov [9] calls a space de longueur, or a path metric space.
Next we study the existence of metric geodesics, or short paths, for the given metric. We give a first step in that direction in Theorem 5.2, where it is shown that, under suitable hypothesis (in particular p even), the curves of the form δ(t) = e tz ·x, with minimal symbol z ∈ M sh , that is z p ≤ z − y p for any y ∈ G x are minimizing in O up to a critical t, among a certain family of rectifiable curves.
We also show (Theorem 5.5) that there exists a certain set in O containing x such that any point there can be joined to x with such a curve, which is shorter than any other smooth curve joining the same endpoints which does not leave the mentioned set.
In some examples, for instance quotient spaces of U M with the unitary group U N , where N is a von Neumann subalgebra of the center of M, this set is in fact an open uniform neighborhood of x in O = U M /U N . This paper is organized as follows: in Section 2, we introduce the necessary definitions (finite von Neumann algebras, smooth homogeneous structures, rectifiable distances and uniform convexity in Banach spaces). Section 3 contains known results on to the rectifiable distance in the unitary group U M of a finite von Neumann algebra M, in particular minimality of geodesics and local convexity of the geodesic distance. In Section 4 we introduce the rectifiable distance in the homogeneous space O, and we prove several facts on the metric and topological properties of this space, including the coincidence between the quotient topology and the topology induced by the rectifiable distance in O. These imply the completeness of the metric space O with the rectifiable distance. We also present at the end of 4 a list of examples of homogeneous spaces where these results apply. In Section 5 we treat the problem of minimality of geodesics in O, and prove two partial results related to the initial values problem and the fixed endpoints problem. We finish the paper with a collection of examples where our results apply, among them the homogeneous spaces O = U M /U N , where N is a von Neumann subalgebra of the center of M.
Definitions and background
Let M be a von Neumann algebra with a finite and faithful trace τ . Denote by M × and U M the groups of invertible and unitary operators of M. Let 1 ≤ p ≤ ∞, and denote with L p (M) the noncommutative L p space of (M, τ ), that is, the completion of M relative to the norm · p , where
When p = 2, L p (M) is a Hilbert space with the inner product < a, b > τ = τ (b * a).
We use the subscript h (resp. sh) to denote the sets of hermitian (resp. skewhermitian) operators. The symbol denotes the usual operator norm of M. If f : X → Y is a smooth map between manifolds, we will use f * : T X → T Y to denote the differential of f and f * x : T x X → T f (x) Y its specialization. Let O be a topological space on which U M acts continuously and transitively, such that for any element x ∈ O, the subgroup G x = {u ∈ U M : u · x = x}, called the isotropy group of the action at x, is a closed submanifold of U M . This implies that O can be endowed with a differentiable manifold structure, in a way such that the map
is a smooth submersion. Therefore O is a homogeneous space of the group U M . Remark 2.1. For x ∈ O, denote by G x the Banach-Lie algebra of the isotropy subgroup G x . Since we are assuming that π is a smooth submersion, and that O is given the differentiable structure that induces the final topology on T x O, there exists a closed supplement F x ⊂ M sh such that
and a smooth section s x :
where the last expression denotes the unique bounded projection in B(M sh ) with rank F x and kernel G x . The tangent space T x O can be normed with the (uniform)norm,
where z ∈ M sh is any lift of V , i.e. π * (z) = V . Note that
The norm of P Fx does not depend on the point x ∈ O since
where Ad u : M −→ M, Ad u (z) = uzu * . Therefore, there exists a constant C O depending only on the differentiable structure such that s y (V ) ≤ C O V y for any y ∈ O and any V ∈ T y O.
Quotient metrics
Throughout this article 1 < p < ∞ unless otherwise stated, and L p denotes the length functional for piecewise smooth curves in U M , measured with the p-norm:
while (unless otherwise stated) smooth means C 1 and with nonzero derivative, relative to the uniform topology of M. Let us introduce some notation. The action of U M on O induces two kind of maps. If one fixes x ∈ O, one has the submersion
If one fixes u ∈ U M one has the diffeomorphism
We call this Finsler metric the quotient metric of O, because it is the quotient metric in the metric linear space T x O if one identifies it with M sh /G x . Indeed, since G x = ker(π x ) * 1 , if z ∈ M sh with (π x ) * 1 (z) = X, then
We shall omit the index p since it is fixed in any discussion. One of the main features of this metric in O is that it is invariant by the group action (or in other words, that the group acts isometrically on the tangent spaces): a straightforward computation shows that if x ∈ O, X ∈ T x O and u ∈ U M ,
Note that when p = ∞, this is the metric that arises naturally if we regard O as an homogeneous space of U M , as a Banach-Lie group for the topology induced in M sh by the uniform norm, as discussed in Remark 2.1.
Remark 2.2.
Since the action is transitive, we shall drop the index x ∈ O for the maps involved, when there is no possibility of confusion. The isotropy group will be denoted by G and the Lie algebra by G, and π : U M → O will denote the smooth submersion.
Remark 2.3. Recall Clarkson's inequalities [10] for L p (M) spaces: if 1 < p ≤ 2 and 1/p + 1/q = 1, then
for any a, b ∈ L p (M). From them it can be easily derived that L p (M) is uniformly convex and uniformly smooth, and that for any convex closed set
for any s ∈ S. The map Q S,p is single-valued and continuous since L p (M) is uniformly convex and uniformly smooth (see for instance [5] ). Omitting the index p for convenience, note that
and alsoQ
which shows that Q S has some of the properties of the linear projection (when p = 2).
Let x ∈ O, G be the isotropy group, G the Lie algebra of G and G p its closure in L p (M) sh . Let Q = Q G be the projection to the best approximant in G p . Let
Then any element z ∈ L p (M) sh can be uniquely decomposed as
Remark 2.4. In particular, for 1 < p < ∞, the quotient metric of O is given by
where z ∈ M sh is any element such that π * 1 (z) = X. Note that there always exists such z since π * 1 is surjective. We call
A word of caution: the map Q depends on the chosen parameter p.
Note that if p = 2, this metric is Riemannian. Indeed, if Q x = 1 − P x is the orthogonal projection onto G x p , then each z ∈ M sh can be uniquely decomposed as
for any y ∈ G 2,x , which shows that
where z 0 is the unique vector in G ⊥ x such that (π x ) * 1 (z 0 ) = X.
We shall denote with T x O p the completion of T x O relative to the p-quotient metric. Then π * 1 extends naturally to a surjective linear map π
and then one can put π 
Proof. Suppose that z 0 is a minimal lifting, and for a fixed y ∈ G x , let f (t) = z 0 − ty would not have a minimum at t = 0. This is a contradiction, since f is convex and
The existence of minimal liftings was established in the previous remark.
are minimal liftings of X, then we have z 1 p ≤ z 1 − (z 1 − z 2 ) p = z 2 p and the reversed inequality also holds, hence z 1 p = z 2 p = X x . We may assume then that z 1 p = z 2 p = 1. Consider the smooth convex function g :
Now g(0) = z 1 p p = 1 is a minimum for g, and we are assuming that g(z 1 − z 2 ) = z 2 p p = 1 is another minimum. Hence g must be constant on the straight segment
3 Metric structure of U M
In this section we recall and complete certain facts from [7] , concerning the minimality of geodesics in U M , and in addition we prove a local convexity result. The following elementary lemma will be used in the proof of Theorem 3.5, its proof can be found in [2, Lemma 3.4] .
2. The exponential map is a diffeomorphism between the sets
is surjective.
For a, b ∈ M, let R a , L a : M → M stand respectively for the right and left multiplication, and let ad a = R a − L a : M → M stand for the adjoint operator. Then
where
The differential is invertible at a if and only if σ(ad(a)) ∩ {2kπi} = ∅ (k = 0), and then
Proof. See Lemma 3.3 in [2] .
Remark 3.4. Let a, b, c ∈ M sh , let H a : M sh → R stand for the symmetric bilinear form given by
If Q is the quadratic form associated to H, then ([3, Lemma 4.1] and equation (3.1) in [12] ):
In particular H a is positive definite for any a ∈ M sh .
The following theorem collects several results concerning the rectifiable p-distance in the unitary group of M, such as: minimality of geodesics, uniqueness of such geodesics, comparison with the usual p-distance, and finally a fundamental convexity result which improves the one stated in [3] . 3. The diameter of U M is π for all the p-norms.
In particular the metric space
Let β be a short geodesic joining v to w in U M . Then the rectifiable p-distance between u and β is a strictly convex function, provided u does not belong to any prolongation of β.
Proof. The minimality was proved in [4, Theorem 5.4] . Let us prove that if x < π, then µ is unique with the minimality property among all the smooth curves. To do this, we shall follow a standard procedure, using the first variation formula, in this case, for the functional F p which is given by
, s ∈ (−r, r) be a C 2 variation of the curve γ, i.e.
1. γ s (t) ∈ U M , for all s, t.
The map (s
We shall use a formula for
obtained in [3] in the context of a C * -algebra with trace. As in classical differential geometry, we shall call the expression obtained the first variation formula. Let
With lower case types we denote the left translations
Suppose that γ(t) ∈ U M is a C 2 minimal curve, and let γ s (t) be a variation, with fixed endpoints γ(0) and γ(1), i.e. γ s (0) = γ(0) and γ s (1) = γ(1) for all s. Then 
The fixed endpoints hypothesis implies that the first term vanishes. Then First note that the requirement that the field A vanishes at 0 and 1 can be removed: let f r (t) be a real function which is constant and equal to 1 in the interval [r, 1− r] and such that f (0) = f (1) = 0, with 0 ≤ f r (t) ≤ 1 for all t. Let B(t) be any continuous field in M sh and consider A r (t) = f r (t)B(t). Then Consider
is constant, and since p is even and v 0 is skew-hermitian, v 0 (t) = γ(t) * d dt γ(t) is constant, i.e. γ(t) = e tx for some x ∈ M sh . Fact 2. It is straightforward from the first item and Remark 3.2. Fact 3. Any pair of unitaries u 0 , u 1 can be joined by a minimal curve of length less or equal than π. Indeed, let x ∈ M sh , x ≤ π and e x = u * 0 u 1 . Then µ(t) = u 0 e tx have minimal length equals to x p ≤ x ≤ π. Then the diameter is exactly π since the unitaries 1 and −1 are joined by the minimal curve µ(t) = e itπ1 , which has length π.
Fact 4. Both metrics are invariant by left translation with elements of U M . Therefore it suffices to compare d p (u, 1) and u − 1 p , for u ∈ U M . Let x = x * ∈ M with x ≤ π and u = e ix . Then by item 1,
We follow Petz [13] for the definition and properties of the spectral scale λ t (x) of x. It is defined by
where t ∈ (0, 1) and e I (x) denotes the spectral projection of x corresponding to an interval I in R. If f is a real Borel function on R, then by Proposition 1 in [13] we have
On the other hand, for |s| ≤ π it is easily seen that
Then we obtain the inequality
The other inequality follows in the same fashion,
and our claim holds. It is straightforward that (U M , d p ) is a complete metric space: let (u n ) n≥1 be a Cauchy sequence for d p , then it is Cauchy in L p (M). Hence, it converges to an element u 0 ∈ L p (M). Since (u n ) n≥1 is uniformly bounded in the operator norm, it follows that u 0 ∈ M, and then clearly u 0 ∈ U M . Fact 5. It was proved in [3, Theorem 4.1] a similar result. With a slight modification of the proof, one obtains the better convexity radius estimate stated here. We include the proof for the convenience of the reader. We may assume that u = 1 since the action of unitary elements is isometric. Note that v * w−1 = v−w < √ 2 < 2, so we can compute z = log(v * w) ∈ M sh , where log indicates the principal branch of the logarithm. Let β(s) = ve sz , which is a short geodesic joining v to w in U M since z < π. Then
which implies that β has an analytic logarithm, w s = log(β(s)) = log(ve sz ), with w s < π 2 . Let γ s (t) = e tws , then γ s is a short geodesic joining 1 and β(s), of length
where H is the bilinear form introduced in Remark 3.4. Since e ws = ve sz , then e −ws exp * ws (ẇ s ) = z by Lemma 3.3, namely
Thus τ (w
and again by equation (1) above, if we put δ s (t) = e −twsẇ s e tws , then
Suppose that for this value of s ∈ [0, 1], R 2 s := Q ws (ẇ s ) = 0, where Q ws is the quadratic form associated to H ws . If K s ⊂ M sh is the null space of H ws , consider the quotient space M sh /K s equipped with the inner product H ws (·, ·). An elementary computation shows that δ s (t) lives in a sphere of radius R s of this pre-Hilbert space, hence
where α s (t) is the angle subtended by δ s (0) and δ s (t). Then, reasoning in the sphere
By property 1. of Remark 3.4,
and then integrating with respect to the t-variable,
On the other hand, the Cauchy-Schwarz inequality for H ws shows that if R s = 0, then
Moreover, by property 2. of the remark above,
−1 s z = 0 and an elementary computation involving the functional calculus of skew-adjoint operators shows that w s z = 0. Put y = log(v); in particular we have yz = 0 which implies, since w s = log(e y e sz ), that w s = y + sz by the Baker-Campbell-Hausdorff formula. But since the p-norm of M sh is strictly convex, w s = y + sz cannot have constant norm unless y is a multiple of z, and in that case, u and β are aligned contradicting the assumption of the theorem. So there is at least one point s 0 ∈ [0, 1] where R s 0 = 0, so f p is non constant. There exists a positive constant C such that
On the other hand
and by Lemma 3.1, f p is strictly convex.
The following remark justifies in part the election of the uniform topology to differentiate curves in U M . We show that in order to produce minimal curves, the velocity vectors of the exponential should have uniform length less or equal than π.
By the Stone theorem the curve δ(t) = e itz is C 1 if we differentiate in the strong topology of the standard representation of M. We claim that δ is not of minimal length joining its endpoints in U M when we measure with the p-norm. In order to prove this consider the function f :
Clearly it is a Borel measurable function. Then we use the Borel functional calculus of z = σ(z) λ de(λ) to obtain
Therefore, we have e if (z) = e iz . Moreover, note that f (z) ∈ M h with f (z) ≤ π. Now we assert that the curve δ 1 (t) = e itf (z) is shorter than the curve δ. Recall that for a τ -measurable operator z the t-th generalized s-number µ t (z) is defined by
We shall use the following facts (see [8] ):
• Since the map t → µ t (z) is non-increasing, continuous from the right and satisfies lim t↓0 µ t (z) = z , there exists ǫ > 0 such that µ t (z) > π for all t ∈ (0, ǫ).
• It is apparent that
• Note that |f (t)| ≤ |t|, for all t ∈ R. Then, we have |f (z)| ≤ |z|, which implies
Therefore,
and our claim follows.
Remark 3.7. The previous remark in fact shows that, for a one-parameter group e tz to be minimizing, the symbol z has to be bounded (and z ≤ π). This is due to the fact that the Borel functional calculus can be computed also for elements z ∈ L p (M) h , and one obtains a shorter path by trimming the unessential parts of z, obtaining a shorter curve joining 1 and e iz .
Rectifiable distance in O
Let x ∈ O, let G, G indicate the isotropy group and algebra of x respectively. Let
for some z ∈ G. Then, sinceΓ * = −Γ * Γ Γ * , multiplying by Λ * Γ to the the right yields
Since
Since the reversed inequality also holds in the above remark, we have a natural definition of quotient metric for smooth curves γ ∈ O:
Definition 4.1. Let γ ∈ O be a piecewise smooth curve. The p-length of γ is defined as follows:
where the curves γ considered are piecewise smooth. 
The computation in (2) shows that if Λ is any other smooth lift of γ, then
for any s ∈ G x . Thus, the quotient speed is well defined in this case also. The rectifiable length L O,∞ and distance d O,∞ are defined accordingly.
Almost isometric liftings
We begin this section with an elementary observation, which will be used to obtain liftings of curves in O. We assume that p ≥ 2 Proof. Let α(t) = −Q(Γ * (t)Γ(t)). Then, since Γ is smooth for the uniform topology in M, both Γ andΓ are continuous for the p-norm, hence α :
The curve α has its image contained in G x p .
Then one can find a polygonal curve w ǫ ⊂ G x as claimed since G x is dense in G x p , as follows: split the interval [0, 1] in n pieces {I k } k=1...n in order to obtain
if |s − t| ∈ I k , the partition given by 0 = t 1 < t 1 < · · · < t n = 1, and put α k = α(t k ). Let {w k } k=1...n ⊂ G x such that α k −w k p < δ, and let w ǫ (t) stand for the polygonal in G x joining the points w k in their given order. Now, if t ∈ I k , then
and hence
We collect in the following theorem some facts; some of them are elementary while others are adaptations and improvements of results in [2] . 
Proof.
1. Since ad w ≤ 2 w < π, the map T is invertible and its inverse can be computed with the Neumann series.
2. The Weierstrass expansion of F is given by
where the product converges uniformly on compact sets to F . Then F (ad w) is invertible since ad(w) < π and
by the previous item. Then if x ∈ G x ∩ B(0, R), the operator G(ad x) is invertible, and its inverse is analytic and can be written as a power series in ad x, hence
because G x is a Banach-Lie algebra. Moreover, since g is increasing,
Then f is continuous since w and G −1 are continuous, moreover
by the previous item. Now since H(ad x) = G(ad x) −1 is analytic in the ball x < π 2 , we have
where C(R) is a bound for H ′ in |z| ≤ R. Then
Then f satisfies a Lipschitz condition, uniformly respect to t ∈ J, hence by the standard theorem of existence for ordinary differential equations [11, Proposition 1. If u(t) = e z(t) , thenu (t) = exp * z(t) (ż(t)) = e z(t) F (ad z(t))ż(t)
by Lemma 3.3. Theṅ
Note that the general theory ensures the existence of piecewise smooth liftings in U M of smooth curves in O, due to the fact that for any fixed x ∈ O, the map
is a submersion.
Theorem 4.6. Let γ ⊂ O be a smooth curve defined in an interval containing
Proof. Let Γ ∈ U M be any piecewise smooth lift of γ, defined in an interval containing 
Hence
With the last theorem at hand, we can prove the fundamental result that the rectifiable distance in O can be computed as the infima of lengths of rectifiable curves in U M joining the corresponding fibers.
where the curves Γ considered are piecewise smooth.
Proof. It suffices to check the assertion for u = 1.
we have γ(0) = x and γ(1) = v · x and also
By the previous theorem, there exists an ǫ-isometric lift β ǫ of γ; note that Proof. As mentioned earlier, it remained to check that d O,p (x, y) = 0 implies x = y. Let y = v · x for some v ∈ U M , assume that d O,p (x, y) = 0. Then by the previous corollary for any ǫ > 0 there exists a curve Γ ∈ U M such that Γ(0) = 1,
Since ǫ is arbitrary, then 1 ∈ vG x , or equivalently v * ∈ G x , and then v ∈ G x , showing that y = x.
Remark 4.9. We point out that when G x is the unitary group of a von Neumann subalgebra of M, then G x is p-norm closed in U M . ) for any x, y ∈ G and h ∈ H, then the left coset space G/H = { xH : x ∈ G } is a complete metric space under the metricḋ given bẏ
Two metrics in the space
Moreover, the distanceḋ metrizes the quotient topology of groups. Let us observe how Lemma 4.10 applies to our situation. We take G = U M , and for fixed x ∈ O, we take H = G x . Theorem 4.11. Let x ∈ O, u, v ∈ U M , and leṫ
is complete, and the induced topology matches the quotient topology of
Since ǫ is arbitrary, our claim follows. Given ǫ > 0, there exist w i ∈ G x , i = 1, 2 such that d p (uw 1 , vw 2 ) <ḋ p (u · x, v · x) + ǫ. Let z ∈ M sh such that z ≤ π and e z = (uw 1 ) * vw 2 . If Γ(t) = uw 1 e tz , then
showing that the reversed inequality also holds. Finally, since (U M , d p ) is complete, the last claim follows from the previous lemma.
The path metric space O
Here we establish the following relevant metric property: O is a path metric space for any p ≥ 1, or in the terminology introduced in [9] by M. Gromov, O is a space de longeur. That is, the distanceḋ among pairs of points in the space O matches the infimum of the length of the rectifiable paths joining the points. The rectifiable lenght of paths γ :
where {t i } is any finite partition of the interval [0, 1] ∈ R. The rectifiable distance d ℓ,p among x, u · x ∈ O is the infimum of the length of the rectifiable paths γ joining them, when the length is measured as above. It is straightforward to see that
Indeed, for given γ joining fixed endpoint x, y ∈ O, consider the trivial partition t 0 = 0, t 1 = 1. Thus ℓ p (γ) ≥ḋ p (x, y), and taking the infimum over rectifiable paths γ gives the result.
Proof. Let {t i } i=0···n−1 be a partition of [0, 1] and let β ǫ be an ǫ-isometric lift of γ. Then
where the last inequality is due to Corollary 4.7. Since d O,p =ḋ p , and the partition is arbitrary, we obtain
Proof. Let ǫ > 0, and let Γ ∈ U M be piecewise smooth such joining
Then by the previous lemma
and since the other inequality always holds, we have the claim.
Examples
In this section we introduce several examples of homogeneous spaces. We find it useful to include these examples in order to show concrete homogeneous spaces where Theorem 4.11 holds. For detailed properties about the differential structure of the following examples we refer the reader to [6] , where proofs were adapted to finite von Neumann algebras, and to the references therein, for a more general setting. The first group of examples satisfies that the isotropy group is the unitary group of a von Neumann subalgebra of M.
Example 4.14. Our first example is the unitary orbit of a normal element a of M, i.e.
U(a) = { uau * : u ∈ U M }.
The isotropy group at a of the natural action of U M is given by
Therefore, one can show that U M /G a has a smooth manifold structure. Hence we endow U(a) with the manifold structure such that the bijection [u] → uau * is a diffeomorphism.
Example 4.15. Denote by S M be the set of normal faithful states of M. Consider the following left action,
For ϕ ∈ S M , we denote by U ϕ the unitary orbit of ϕ, i.e.
The isotropy group under this action is
Therefore, U ϕ ∼ = U M /G ϕ is a homogeneous space.
Example 4.16. Let Σ be a σ-algebra of subsets of some set. Let E : Σ −→ M be a spectral measure whose values are selfadjoint projections in M. The unitary orbit of E is
The isotropy group under the natural action of U M is given by
Hence, U(E) ∼ = U M /G E is a homogeneous space.
Example 4.17. Consider ψ : M −→ M a * -homomorphism. Again we take the unitary orbit of ψ, i.e.
The isotropy at ψ under the natural action of the unitary group is
We take U(ψ) ∼ = U M /G ψ as a homogeneous space.
Our last examples do not have as isotropy group the unitary group of any von Neumann subalgebra. Although the isotropy group clearly satisfies our hypothesis of being a closed subgroup in the p-norm.
Example 4.18. This example is concerned with partial isometries in M. Recall that v ∈ M is a partial isometry if and only if v * v is a projection. We denote by I the set of partial isometries in M. We can give an action of the unitary group U M × U M of M × M on I by acting both on the initial and the final spaces. The action is given by
The isotropy group can be computed
The orbit of a partial isometry can turn to be diffeomorphic to (U M × U M )/G v , so we have a homogeneous space of U M×M .
Example 4.19. Let N be a von Neumann subalgebra of M and E : M −→ N the unique trace invariant conditional expectation. Our next example is the unitary orbit of E. Consider the following unitary orbit
The isotropy group at E is usually called the normalizer of E,
It can be shown that U(E) ∼ = U M /N E is a homogeneous space.
Minimality of geodesics in O
Recall that the induced norm in the tangent spaces is not complete. Therefore in the case of p = 2 the classical theory of Riemann-Hilbert manifolds is not available, so it makes sense to ask about the local minimality of the geodesics of the LeviCivita connection. In [6] was given an abstract sufficient condition in order that these geodesics are locally minimal. In this section we shall prove a partial result toward the minimality of geodesics for p even, under the hypothesis specified below. Our argument on minimality will consist in comparing the lengths of the liftings of curves in O to the unitary group U M . For the case p = 2 this technique is based on the following result. Let s x : (T O) x → F x ⊂ B 2 (H) sh stand for the isometric orthogonal projection to F x , the orthogonal supplement of G x in B 2 (H) sh . Let γ(t), t ∈ [0, 1] be a smooth curve in O, with γ(0) = x, and let Γ be its horizontal lifting, i.e. the unique solution of the differential equation
, and the claim follows. This result shall not be needed, we include it here to mark the breach between the case p = 2 and the case p > 2. Let us state the following definition.
implies that there exists z ∈ G x with z < δ O and e z = u. This is equivalent to ask for G x to be a (topological) submanifold of U M in the uniform norm.
If u ∈ G x implies that there exists z ∈ G x with e z = u, we say that G x is an exponential subgroup of U M .
Throughout this section we assume that the isotropy group G x is an exponential subgroup. Apparently, if this holds for a given x ∈ O, then it holds for any u · x ∈ O (since the groups G u·x and G x are conjugate by an inner automorphism). This property implies in particular, that G x is geodesically convex: given any pair of elements v 1 , v 2 ∈ G x with v 1 − v 2 < ǫ O , then there exists a geodesic of U M , which lies inside G x , and joins v 1 and v 2 . The results in this section can be extended to locally exponential groups in the obvious fashion, but we prefer to state them assuming that G x is exponential since the arguments become more clear this way.
Assume that x and y are connected by the geodesic γ(t) = e tz · x in O, with z ∈ M sh a minimal lifting, i.e. Q(z) = 0. It is unclear if this curve is short for the p-metric in O. We state next a partial result in that direction.
One requirement of the proof is that Q maps bounded operators into bounded operators, and moreover, that it is uniformly bounded. There are a collection of examples in the following section with these properties. We have shown in Theorem 4.6 that for p > 2 we can obtain almost isometric lifts of curves in O. In case Q is uniformly bounded, one can sharpen this result to obtain isometric lifts. Now we state our result on minimality of curves. It is assumed that G x is an exponential subgroup of U M , and that Q maps bounded elements of M into bounded elements of M.
Theorem 5.2. Let p be a positive even number, x ∈ O, and assume that there exists a constant
and Q(z) = 0, then the curve
which verifies δ(0) = x andδ(0) = X = π * (z) ∈ T x O, and has length L O,p = z p , is shorter for the p-metric than any other smooth curve γ ⊂ O joining x to e z · x, provided L O,∞ (γ) < ε, where
and C O is a constant given by the smooth structure as in Remark 2.1.
Moreover, the curve δ is unique in the sense that if γ ⊂ O is another curve joining
Proof. Let γ be a smooth curve in O with γ(0) = x and γ(1) = e z · x, and assume that L O,∞ (γ) < ε. Since z < π 3 , we have
On the other hand, if Γ is a smooth lift of γ with Γ(0) = 1, by the assumption on Q we can consider the differential equation in M given by
as in Theorem 4.5. It has a unique solution x(t) ∈ G x such that x(0) = 0, and if u = e x , then u :
Hence, if β = Γu, then β is an isometric lift of γ and moreover
Thus, if C O is a constant such that s y (V ) ≤ C O V y for any y ∈ O as in Remark 2.1, then
Let w ∈ M sh such that w ≤ π and e w = β(1). Then Theorem 3.5 applies. Note that the curve µ(t) = e tz is an isometric lift for δ. Let ν(t) = e z e ty be the minimal geodesic of U M , lying inside e z G x (i.e. y ∈ G x ), connecting e z to e w , which exists due to the fact that G x is an exponential subgroup. Then by item 5 of Theorem 3.5,
, which vanishes by Lemma 2.5, because z is a minimal lift. Then
If L O,p (γ) = z p (i.e. if γ is also short), then
, which forces z = w because f is strictly convex. In particular β(1) = e z and L p (β) = L p (µ) = z p . Since z < π/2 < π, the curve µ is the unique short geodesic joining 1 to e z in U M , and then β = µ, or in other words, γ = δ.
Remark 5.3. The restriction on the quotient uniform length of the curves γ can be removed for p = 2 due to the existence of the supplement F given by the smooth structure of O satisfying
The key is that the exponential map is a local diffeomorphism between F and O.
In the general case p > 2 we do not know if the exponential map is local bijection between G ⊥p and O (or even if G ⊥p ∩ M = {0}). However, assuming that Q maps bounded elements of M into bouded elements of M, it is interesting to note that the map
showing that ϕ is injective. In third place, if z ∈ G ⊥p , z = z g + z f with z g ∈ G and z f ∈ F, hence 0 = Q(z) = z g + Q(z f ). Thus taking f = z f ∈ F, one obtains ϕ(f ) = z f − Q(z f ) = z f + z g = z showing that ϕ is surjective. The inverse is given by the linear projection onto F, that is
Note that, while ϕ is continuous for the p-norm, ϕ −1 is continuous for the uniform norm, showing the breach between the smooth structure and the metric structure. It is also worthwile noting that, if Q is continuous for the uniform topology of M, then the above maps are homeomorphisms. Moreover, it must be uniformly bounded since, if it were not, there would exist a sequence (x n ) n≥1 of elements of M such that x n = 1 and Q(x n ) ≥ n. But this contradicts the fact that Q(0) = 0, since
and the assumption on the continuity of Q gives Q(
, which is open in G ⊥ with the relative (uniform) topology, since ϕ −1 = P F is continuous. Then, if z ∈ V R ⊥ , we have z = ϕ(y) for some y ∈ B R (0), hence
Note that it is not clear whether this is an open neighborhood of x ∈ O or not, even if we assume that Q is continuous for the uniform topology.
Now we can state our theorem on minimal curves joining given endpoints in O. Let p be a positive even number, x ∈ O, and assume that there exists a constant
where R is as in the previous remark, and ε = ε(O, p) as in the previous lemma. Let V r ⊥ , U r O ⊂ O be the sets defined in the previous remark.
Theorem 5.5. For any y ∈ U r O there exists z ∈ V r ⊥ such that e z · x = y and
is shorter for the p-metric than any other piecewise smooth curve γ ⊂ O joining x to y, provided γ ⊂ U r O . Moreover, the curve δ is unique in the sense that if γ ⊂ U r O is another piecewise smooth curve joining x to y of length z p then γ(t) = e tz · x.
Proof. The existence of such z is guaranteed by Remark 5.4. Let γ ⊂ U r O be piecewise smooth, we can assume that γ is defined in [0, 1] . Consider a partition
By the previous theorem, γ| [t 0 ,t 1 ] is longer than the curve
where z 1 ∈ V r ⊥ is such that e z 1 · γ(t 0 ) = γ(t 1 ). Let α♯β denote the path α followed by the path β. Then
Let z 2 ∈ V r ⊥ such that e z 2 · x = γ(t 2 ). Then by the previous theorem, the path δ 2 (t) = e tz 2 · x is shorter than 1] is shorter that γ. Iterating this argument, one ends with a curve δ N = e tz N · x, joining x to y in U r O , which is shorter that γ. Since z N < r, it must be z N = z.
The uniqueness follows observing that in each step, if the length of γ is equal to z p , its restriction must have length z i p , and by the previous lemma it should match δ i .
Examples
We give examples of homogeneous spaces where Theorems 5.2 and 5.5 apply. The fundamental step is to prove that the metric projection Q is uniformly bounded. Up to now we do not know if it is general fact, even in the case when the Lie algebra where Q projects consists of antihermitic operators of a von Neumann subalgebra. Therefore we give ad-hoc proofs for each example. Finally, let us observe that the examples below serve obviously as other examples for Theorem 4.11.
Finite dimensional Lie algebras
The first immediate example takes place when the Lie algebra G is a finite dimensional vector space. Therefore the . p completion of G is equal to G. Hence it is trivial that the projection Q : L p (M) sh −→ G p = G preserves bounded elements.
Lemma 5.6. Let 1 < p < ∞ and G a finite dimensional Lie algebra. Then the projection Q is continuous and in particular, uniformly bounded.
Proof. Since G is a finite dimensional real vector space, all the norms are equivalent. Therefore, there exist a constant c p > 0 such that c p z ≤ z p ≤ z , for all z ∈ G. Now, given ǫ > 0, there exists δ(x, ε, p) such that x − y p < δ implies Q(x) − Q(y) p < ε. Hence, if x − y < δ, then x − y p < δ and
The argument at the end of Remark 5.3 establishes the uniform boundness of Q.
We describe an example where this situation arises.
Example 5.7. Let v 0 ∈ M be a partial isometry of finite co-rank. Consider the set
The set I v 0 is a C ∞ submanifold of M in the norm topology and a homogeneous space of U M . The isotropy group at v ∈ I v 0 of the action is
Therefore the Lie algebra of the above group is given by
Note that xv = 0 is equivalent to xvv * = 0. Then, if we regard the elements of G v as 2 × 2 matrices in terms of the projection vv * , they have the form 0 0 0 x , where x is a finite rank operator, because it acts on the orthogonal complement of the range of v. This example is treated in detail in [1] without the assumption on the co-rank of v. It is proved there a minimality result with the 2-norm. Since unitaries in the isotropy group can be described as
with d a unitary operator, the group is exponential. Then Theorem 5.2 applies to this situation, and the curves δ(t) = e tz v with minimal symbol z are short among sufficiently short curves γ ∈ O.
Subalgebra of the center
This example is concerned with a subalgebra N ⊆ Z(M), where Z(M) is the center of M. In order to show that Q preserves bounded elements we prove the following lemma. 
Analogously we can prove that (x − y) p e = (x − y + ) p e and (x − y) p (1 − e) = (x + y − ) p (1 − e). Therefore we have
where in the inequality (3) we use that the function t → t p is operator monotone when the operators involved commute.
Remark 5.9. The above inequality is not true in our setting for p > 2, if we remove the hypothesis that x and y commute. For instance let p = 4 and consider the following matrices Applying the previous lemma to a positive element x ∈ M and Q(x) ∈ L p (N ) we obtain
Hence by the uniqueness of Q(x) it follows that Q(x) = Q(x) + . In particular, it follows that the projection Q maps positive elements of L p (M) on positive elements of L p (N ).
Corollary 5.10. If N ⊂ Z(M), then for any p > 1 the projection Q maps bounded elements into bounded elements, moreover
is bounded. Let x ∈ M h , then there exists a real number c > 0 such that x + c is positive. Since Q(x) + c = Q(x + c) is bounded, it follows that Q(x) is bounded, and moreover, if x ∈ M h then
Replacing x by ix yields the result for z ∈ M sh .
Remark 5.11. In case that the Lie algebra is given by antihermitic operators of a von Neumann subalgebra of M we have the bound C O ≤ 2. This follows because the projection P Fx coincides with I − E, where E is the unique normal conditional expectation preserving the trace onto the subalgebra. 
Diagonal algebra in M ⊗ M 2
Let M 2 denote the 2 × 2 matrix algebra. We define a finite traceτ on M ⊗ M 2 bŷ τ x 11 x 12 x 21 x 22 = 1 2 τ (x 11 + x 22 ), x 11 x 12 x 21 x 22 ∈ M 2 ⊗ M.
It is straightforward to show that
We take the subalgebra N consisting of diagonal operator matrices, i.e. N = { x 11 0 0 x 22 : x 11 , x 22 ∈ M }.
In this example we can explicitly compute the projection Q. Actually, this is a consequence of the following inequality. In particular, Q preserves bounded elements and is uniformly bounded. Moreover, it is continuous in the uniform topology since it matches the unique tracial invariant conditional expectation E from the algebra to the subalgebra. O e = { ueu * : u ∈ U M⊗M 2 }.
This example was studied in detail in [4] . It was proved that it is a homogeneous space of the unitary group U M⊗M 2 of M ⊗ M 2 . Moreover, it was shown that the initial values problem has solution and any pair of points in this homogeneous space can be joined by a minimal curve. Despite our results are more restrictive in this particular example, we shall show how they apply, since the techniques involved are quite different.
The isotropy group at e of the natural action of U M⊗M 2 is given by G e = {u ∈ U M⊗M 2 : ue = eu } The Lie algebra of this group is
Therefore by our preceding discussion the projection Q onto the Lie algebra preserves bounded elements, so our results about minimality of curves holds.
Special diagonal algebra in M ⊗ M 2
Consider the following subalgebra of M ⊗ M 2 given by
Let E denote the unique trace-invariant (with respect to the traceτ ) conditional expectation onto N , i.e.
E : M ⊗ M 2 −→ N , E( x 11 x 12 x 21 x 22 ) = 1 2
x 11 + x 22 0 0 x 11 + x 22 .
We denote by E p the extension of the above expectation to the corresponding non commutative L p spaces. If A, B ∈ X , then AB 2 ∈ X .
Proof. Let Hence, by Lemma 5.15, X 3 = XX 2 ∈ X , and the p-orthogonality condition holds for p = 2 sincẽ
and X 3 ∈ X implies (X 3 ) 11 = −(X 3 ) 22 . All the other powers can be handled in a similar fashion, for instance X 5 = X 3 X 2 ∈ X . It is not clear, and we would like to know, if Q is uniformly bounded in M ⊗ M 2 .
